Abstract. Every random function holomorphic in mean on an open subset of the complex field is equivalent to a random function with almost all its paths holomorphic on D.
has a limit in mean as z approaches z 0 , equivalently the function z → [f (z, ·)] from D into the complex Banach space L 1 (P) is holomorphic in the traditional sense. For a full discussion of holomorphic vectorvalued functions the reader is referred to [1, Section 3.2] . It should be pointed out that a random function f is holomorphic in mean on D if, and only if, for every ξ ∈ L ∞ (P) the complex valued function z → Ω f (z, ω)ξ(ω)dP is holomorphic on D, where L ∞ (P) is the linear space of all essentially bounded random variables (see [1, Definition 3.10.1 and Proposition 3.10.1] ).
The purpose of this paper is to prove the following surprising result.
Theorem. Let f be a random function on D. Then the following conditions are equivalent:
f is equivalent to a random function g continuous in mean with almost all its paths holomorphic on D.
We note that there are random functions holomorphic in mean which have no holomorphic paths (see Example 1) and we emphasize that there exists a random function f continuous in mean, but such that there is no random function g that is equivalent to f and has a non-negligible set of continuous paths (see Example 2) . 
n , n ∈ N, and f(0, ω) = 0, which is obviously continuous in mean on D\{0}. Given a sequence {z n } in D\{0} converging to zero we have
kn . Since { ξ kn 1 } converges to zero we conclude that f is continuous in mean at zero. Now we note that f (
Since the sequence {ξ n } converges nowhere on [0, 1] it may be concluded that almost every path of any random function equivalent to f is not continuous at zero.
Given a random function continuous in mean on D and γ a piecewise smooth curve in D, parametrized say in the interval [α, β] ,
Lemma 1. Let f be a random function continuous in mean on D and assume that almost all its paths are continuous on D. If γ is a piecewise smooth curve in
Proof. There is no loss of generality in assuming γ parametrized in the interval [0, 1] .
By [2, Proposition 2.7 .12] the sequence {[ [2, Proposition 2.3 .10] it follows that there exists a strictly increasing sequence {n k } of natural numbers such that the sequence {
)} converges almost surely to a function in L 1 (P). We note that, for almost every ω ∈ Ω, {
γ f (z, ω)dz and therefore, from [2, Corollary 2.3 .12], it may be concluded that the function
Lemma 2. Let
ξ n (z − z 0 ) n a power series with first-order random coefficients and a non-zero radius of convergence in mean, say R. Then there exists a negligible set ∆ such that, for each ω ∈ Ω\∆, the radius of convergence of the power series ξ n (ω)(z − z 0 ) n is at least R.
Proof. Consider 0 < r < R. By [1, Theorem 3.11.4 ] the series Ω |ξ n |r n dP converges and therefore [2, Proposition 2.5.1] there exists a negligible set ∆ r such that, for every ω ∈ Ω\∆ r , the series ξ n (ω)r n converges (absolutely) to a function in L 1 (P). Moreover, for all ω ∈ Ω\∆ r and |z − z 0 | ≤ r the series ξ n (ω)(z − z 0 ) n converges. Choose a sequence {r n } → R with 0 < r n < R ∀n ∈ N and let us denote by ∆ the negligible set given by ∆ = ∞ n=1 ∆ rn . It is a simple matter to show that, for all ω ∈ Ω\∆ and |z − z 0 | < R the series ξ n (ω)(z − z 0 ) n converges, which completes the proof.
Lemma 3. Let f and g be random functions holomorphic in mean on D and assume that f and g have almost all its paths holomorphic on
Proof. Let Λ ∈ Σ with P[Λ] = 1 and such that the paths f (·, ω) and g(·, ω) are holomorphic on D whenever ω lies in Λ.
Write D = ∞ n=1 D n for a sequence {D n } of pairwise disjoint connected open subsets. Fix n ∈ N and let ∆ n = {ω ∈ Ω: f (z, ω) = g(z, ω) ∀z ∈ D n }. Choose a sequence {z k } in D n converging to z 0 ∈ D. From the uniqueness theorem [1, Theorem 3.11.5] it follows that, for a given ω ∈ Λ, f (z, ω) = g(z, ω) ∀z ∈ D n if, and only if, f (z k , ω) = g(z k , ω) ∀k ∈ N ∪ {0}. Thus we have
which proves that ∆ n is measurable with P[
Proof of the Theorem. Assume the assertion 1 holds. If D = C, then [f(z, ·)] can be expanded on C as the sum in mean of a power series [ξ n ]z n with ξ n ∈ L 1 (P) ∀n ∈ N ∪ {0}. The series ξ n z n satisfies the requirements in Lemma 2. If ∆ is the negligible set given by that lemma, then we define g(z, ω) = 
